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This paper deals with the stationary probability density function solution of the dynamic response for nonlinear
oscillators excited by Poisson impulses. The probability density function solution is governed by the generalized
Fokker-Planck-Kolmogorov equation. The exponential-polynomial closure method is used to obtain an
approximate solution to the generalized Fokker—Planck—-Kolmogorov equation. To evaluate the effectiveness of the
exponential-polynomial closure method in the case of Poisson excitations, Duffing oscillators, van der Pol oscillators,
and an additional nonlinear oscillator excited by external and parametric Poisson impulses with different levels of
nonlinearity in stiffness and damping are studied. The numerical results show good agreement with the probability
distribution obtained with Monte Carlo simulations including the tail regions, which is of significance for reliability

analyses.

Nomenclature
a = coefficient vector of polynomial Q,
c = normalization constant
E[Y?] = mean square of impulse amplitude
ho, h; = deterministic system functions
i, ],k = index
N = sample size
N(T) = total number of pulses in the time interval (—oo, T
N, = number of unknown parameters
n = polynomial order
P = probability
p = exact probability density function
D = approximate probability density function
Pr = probability to be estimated
12 = estimated value of p,
0, = polynomial of x;, x,

W;(1) = jth Poisson impulse excitation

X, X = random displacement and velocity

X1, Xo = deterministic displacement and velocity

Y,,Y,,Y; = impulse amplitude component

Y = kth impulse amplitude component for jth Poisson
white noise

B, B> = scale factor

A = residual function

8(1) = Dirac delta function

€ = error tolerance

&1, & = nonlinearity parameters

¢ = damping ratio

Ay A = impulse arrival rate

T = arrival time

N = angular frequency

1-4 = confidence level
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I.

ANY engineering problems can be described with nonlinear

stochastic oscillators subjected to stochastic excitations. The
excitation is often modeled as Gaussian white noise, which
represents a continuous stochastic process. Under the action of
Gaussian white noise, the probability density function (PDF) of the
response of these oscillators is governed by the well-known Fokker—
Planck—Kolmogorov (FPK) equation. The stochastic responses of a
buckled beam [1], fatigue crack propagation [2,3], and evaporating
droplets dispersed in isotropic turbulence [4] were studied by using
the FPK equation. However, Gaussian white noise is not always
appropriate for describing some discrete stochastic processes, and
extensive efforts have been devoted to the investigation of the non-
Gaussian processes. In particular, the Poisson impulse (or Poisson
white noise) attracts much attention in stochastic mechanics as a
typical non-Gaussian process [3]. It represents a discrete excitation
process as a sequence of independent, identically distributed pulses
arriving at random times. Corresponding to this type of excitation,
the FPK equation is generalized [6-9]. However, solving the
generalized FPK equations has been a challenge in the last few
decades. Only a few exact stationary PDF solutions of highly
restricted systems were obtained by an inverse solution procedure
[10-12]. Therefore, numerical methods have been proposed in the
past few decades to obtain approximate PDF solutions. Roberts [6]
outlined a perturbation scheme for the PDF solutions and applied the
scheme to a linear system under external Poisson impulses.
Subsequently, Cai and Lin [7] improved the perturbation technique
in which an initial solution was adopted using the exact stationary
solutions for the case of Gaussian white noise. Alternatively,
Koyliioglu et al. [13] employed a Petrov—Galerkin technique to solve
the generalized FPK equation. Later, Koyliioglu et al. [14,15] also
proposed a cell-to-cell mapping (or path integration) technique for
obtaining the PDF solutions for the case of external Poisson
impulses. The effectiveness of these two approaches was briefly
discussed by Iwankiewicz and Nielsen [16]. The Petrov—Galerkin
technique is suitable for the impulse with a high arrival rate, whereas
the cell-to-cell mapping technique is effective for the impulse with a
low arrival rate. Recently, Wojtkiewicz et al. [17,18] adopted a finite
difference method to solve the generalized FPK equation for the case
of external Gaussian and Poisson white noises. However, the values
of the PDF solution may be negative in the tail regions. Equivalent
linearization (EQL) procedures [19-23] and cumulant-neglect
closure procedures [24-26] were also investigated for statistical
moments for the case of Poisson white noise. The EQL procedures
are suitable for the oscillators with slight nonlinearity and the
impulse with a high arrival rate. For the nonlinear oscillators excited
by parametric Poisson excitation, Proppe [23] applied several EQL
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techniques originally developed for parametric Gaussian excitation
to the Poisson case. The accuracy obtained by different linearization
procedures is similar for external excitation but inconsistent for
parametric excitation. For the cumulant-neglect closure procedure,
either fourth- or sixth-order cumulants need to be truncated. The
accuracy is also limited by the levels of nonlinearity of the oscillators
and impulse arrival rate.

The exponential-polynomial closure (EPC) method was proposed
for the PDF solution of nonlinear oscillators under Gaussian white
noises [27-31]. In this paper, we extend the EPC method to obtain the
approximate PDF solution of the generalized FPK equation for the
case of Poisson impulses. Duffing oscillators, van der Pol oscillators,
and an additional nonlinear oscillator excited by external and
parametric Poisson impulses are studied to evaluate the effectiveness
of the proposed approach. Oscillators with different nonlinear
stiffness, nonlinear damping, and different types of parametric
excitation, for example, parametric excitation on displacement or on
velocity, are investigated. The numerical results show good
agreement with Monte Carlo simulations for all the cases, even in the
tail regions of the PDF solutions, which is of significance for
reliability analyses.

II. Problem Formulation
Consider the following nonlinear stochastic oscillator:

X+ hX.X)=h(X,X)W,(ty j=12,....N (1)
where X € R and X € R are stochastic processes; R denotes real
space; hg and h; are functions of X and X, and their functional forms
are assumed to be deterministic; and W; is the jth Poisson white
noise. The white noises are assumed to be independent of each other.
A repeated subscript in a product indicates a summation over all the
terms. The white noise is defined as

N(T)

Wi(0) =D Yd(t — ) )
k=1

where N(T) is the total number of pulses that arrive in the time
interval (—oo, TJ. It is assumed to yield Poisson law with a constant
impulse arrival rate ;. Y is the impulse amplitude of the kth pulse
arriving at the time rk for W;(#). These amplitudes are independent
and identically distributed (1 i.d.) random variables with zero mean
and also independent of the pulse arrival time t,. §(f) is the
Dirac delta function. Setting X = x; and X =x,, Eq. (1) can be
expressed as

{)‘CI =X (3)
Xy = —ho(x1,X%5) 4 h;(x;. x2) W;(2)

The response vector {x;, x,}” is Markovian and can be stationary if
the impulse arrival rate is constant with i.i.d. impulse amplitudes. The
stationary PDF of the response is governed by the following
generalized FPK equation [7]:

8p ad 1 I
3x1 + 0x, {(ho )LjE[Yj]hj 0x, b

el ()~

o AE[Y4:|834(h4) =0 4

where E[e] denotes the expectation of (e). Normally, only the terms
up to the fourth-order derivative are retained for analysis because the
contribution of high-order terms is small to the whole equation. It is
assumed that the PDF p(x,x,) of the stationary response of the
oscillator is subjected to the following conditions:

plx;,x) =0 (x1,x,) € R?
xgm p(x;,x) =0 i=1,2 %))

JE [H20 pxy, xp) dxy dxy = 1

To fulfill the conditions (5), an approximate PDF p(x,, x,; a)
solution to Eq. (4) is assumed to be [27-31]

P(xy xp;2) = ce@ntrrd) (©)

where c is a normalization constant and a is an unknown parameter
vector containing N, parameters. The polynomial Q,(x;, x,; a) is
expressed as

0, (x1,%5;2) = Z_Za,, e Q)

which is an nth degree polynomial in x; and x,. To fulfill the second
requirement of the conditions (3), it is required that

Qn(xlvx2;a) = (-xl’xz) ¢ Q (8)

where Q = [ml — 10, my + dlal] X [m2 — Cp0,,M, + dzaz] C R2
in which m; and o; denote the mean value and standard deviation of x;
(i =1, 2), respectively. The values of m; and o; can be determined
approximately by the EQL procedure or the Gaussian closure method
for the case of Gaussian white noise. ¢; and d; are positive constants.
We can select the values of ¢; and d; to locate m; — c;0; and
m; + d;o; in the tails of the PDF of x;. For instance, we normally set
the values of ¢; and d; to be either 3 or 4. Equation (8) means that the
approximate PDF is assumed to be valid within €2.

Because p(x, x,; a) is only an approximation of p(x,, x,), itleads
to the following residual error by replacing p(x,, x,) by p(x;, x,; a)
in Eq. (4) with the terms above the fourth-order derivative neglected:

ng—l’l+aa {( AE[YZ]h gi) }
+2'AfE[Y2] aax (h2 )_ﬁka[YS] aa*(h2 )

+o /\ E[vi] 384(h4 ) ©)

A(xy, x5 a) =

Substituting Eq. (6) into Eq. (9) and considering the following
relations

op 00, .

T P (10a)
ap 90, .
o =P (10b)
2 [0}, Pe;
i 1
we = |(Ge) 52 (1o
P _[(02.), 400,20, , ¥0.]
8_x§ B [(axz) ox, 0x3 ax3 b (10d)
4 4 2 32 20 \2
a_p — aQn 6 aQn a Qn + 3 3 er
x5 ox, dx, ) 0x3 ax3
aQﬂ 83 Qn Q
T4 dx, 0x3 axs (10e)

we obtain the following residual error
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Alxy, xp;8) = F(x;, xp;2) p(x;, X3 2) (11)

where F(x;,x,;a) is a function of Q,(x;,x,;a). Because
p(xy, x,;a) cannot be zero and F(x,, x,;a) is not zero in general,
another set of mutually independent functions H,(x, x,) that span
space R"» can be introduced to make the projection of F(x,, x,; a) on
RN» vanish. It leads to

+00 +o00
/ / F(xy, xp5a)H(x, x,) dx; dx; =0

s=1,2,...,N

p

(12)

Select H,(x;, x,) as
H,(x1, %) = Xy 'xh f1(x) f2(x) (13)

where k=1,2,...,n; [=0,1,2,...,k; s=(k+2)(k—1)/2+
[+ 1;and N, = N(N + 3)/2. The right-hand side of Eq. (13) is a
single term and the repeated superscript / does not mean a summation
of more terms. As aresult, N, nonlinear algebraic equations in terms
of N, unknowns are formulated. The algebraic equations can be
solved with any available method to determine the unknowns.
Numerical experience shows that a convenient and effective choice
for f,(x;) and f,(x,) is the PDF of x, and x, obtained with the EQL
method or the Gaussian closure method under Gaussian white noise
with the intensity A ;E[Y?] as follows:
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1 x% 14
fl(xl)——/—znal eXP{_T‘lz} (14)
1 X3
fa2(x2) _ﬁ—n%eXp{_TC%} (15)

Because of the particular choice of f(x;) and f,(x,), the
integration in Eq. (12) can be easily evaluated by taking into account
the relationships between the higher- and lower-order moments of
Gaussian stochastic processes.

III. Tllustrative Examples

To evaluate the effectiveness of the aforementioned solution
procedure, we conduct a numerical analysis on some nonlinear
oscillators excited by both external and parametric Poisson impulses.
Results from the Monte Carlo simulation (MCS) are used to evaluate
the effectiveness of the EPC method. The sample size N is
determined by the following Chebyshev’s inequality [32]

Pf(l —Pf)

N >
- 8e?

16)

where p, is the probability to be estimated; § and e satisfy

Logarithmic probability density function
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Fig. 1 Response PDFs of the oscillator in Sec. IILA.
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P(|ps—psl<e)=1-6 a7

where p/ is the estimated value of p/, ¢ is the error tolerance, and
1 — § is the confidence level. If the probability value to be estimated
is 10~* with the relative tolerance being 10% (¢ = 10~°) and the
confidence level being 95% (§ = 0.05), then the required sample size
is 2 x 107 obtained from Eq. (16). This sample size is used for the
Monte Carlo simulation in the following numerical analysis.

As aconvention, “EPC (n = e)” means “the EPC method with the
polynomial degree being ¢” in the following discussion.

A. Duffing Oscillator with Slight Nonlinearity and Parametric
Excitation on Displacement

The first example is about a Duffing oscillator excited by both
external and parametric Poisson white noise excitations. The
multiplicative term of excitation on the displacement is considered
and the oscillator is expressed by Eq. (18):

X +2000X + (X + &, X°) =W, (1) + BIXWao(r)  (18)

in which the parameters are set with the following values: { = 0.05,
wy=1, & =01, B, =0.1, AE[Y}=0EY]=10, and
Ay = A, =2.0. Y, and Y, are Gaussian with zero mean. W, (¢) and
W,(7) are independent of each other. In Eq. (1), hy = 2Lw,X+
@3(X + &, X3), hy = 1.0, and h, = B,X. The value of &, being
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0.1 means that the nonlinearity of stiffness is slight. The
nonlinear algebraic equations in terms of N, unknowns in a can be
formulated with Eq. (12). In this case, the expression of F(x;, x,; a)
in Eq. (12) is

aQn ah() aQn
—+h
3)61 + a.X2 * 0 sz

1 > a2 \[(220) , °Qn
(e[| nar )] (5) + 5
17(30.\* 00,\* 0, 0,

+I|:(8x2) 6(8x2) 0x3 3 0x3

aafz 3;3;" + a;)Can] (AIE[Yj‘] + AZE[yg] i) (9)

F(x;,x;a) = —x,

+4

Figures 1a and 1b present the PDF and logarithmic PDF solutions
of displacement and velocity obtained with EPC (n =2,6) and
MCS, respectively. Numerical analysis shows that the results
obtained with EPC (n = 2) are very close to those obtained with the
EQL method or the Gaussian closure method under Gaussian white
noises with the same intensities as Poisson white noises. The curves
obtained with these methods overlap each other in the plots of PDF.
Therefore, the results obtained with EPC (n = 2) shown in the
figures represent the results obtained with the EQL method. This
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Fig. 2 Response PDFs of the oscillator in Sec. IIL.B.
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observation is also applicable to the other cases in the following
examples. Meanwhile, it is also observed that the PDF of
displacement obtained with EPC (n = 2) deviates significantly from
the simulated one. As the polynomial degree n increases to 6, the
PDF of displacement obtained with EPC (n = 6) agrees well with the
simulated one. The tail behavior of the PDFs of displacement
obtained with various methods is shown in Fig. 1b. It is seen that the
PDF of displacement obtained with EPC (n = 6) is also much
improved compared with that obtained with EPC (n =2). The
PDFs and logarithmic PDFs of velocity obtained with various
methods are shown in Figs. 1c and 1d. We observe from these figures
that the PDFs obtained with EPC (n = 2) and EPC (n = 6) are close
to each other, but EPC (n = 6) still provides an improved result. It
means that the PDF of velocity is close to the Gaussian PDF in
this case.

B. Duffing Oscillator with High Nonlinearity and Parametric
Excitation on Displacement

In this case, the oscillator, the expression of F(x,x,;a) in
Eq. (12), and the values of the parameters are same as those in
Sec. IIL.A except that &; = 2.0 is used for high nonlinearity.

From Figs. 2a and 2b, we observe that the PDF of displacement
obtained with EPC (n = 2) deviates a lot from the simulated one, but
the PDF of displacement obtained with EPC (n = 6) is much closer
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to the simulated result. Even in the tails of the PDF of displacement,
the result obtained with EPC (n = 6) is still close to the simulated
one. The PDFs of velocity obtained with various methods are shown
and compared in Figs. 2¢ and 2d, with the same conclusion being
drawn as those in Sec. III.LA. Hence, we see that the presented
solution procedure is also valid for the oscillators with a high
stiffness nonlinearity.

C. Duffing Oscillator with Parametric Excitations on Displacement
and Velocity

This example is about a Duffing oscillator excited by external
Poisson white noise excitation and parametric Poisson white noise
excitations acting on displacement as well as on velocity. The
nonlinear stochastic oscillator is given by

X + 200X + (X + &,X°) = W, (1) + B X W (1) + B XW;(1)
(20)

in which the parameters are set with the following values: { = 0.05,
Wy = 1, &1 = 10, }31 = 02, ﬂz = 01, A.]E[le] = AzE[Y%] = 1.0,
AE[Y2]=0.1,and A, = A, = A3 = 2.0. Y}, Y>, and Y; are Gaussian
with zero mean. W, (), W,(¢), and W;(¢) are independent of one
another. In Eq. (1), hy=2lwoX + 3(X + &, X%), h; =10,
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Fig. 3 Response PDFs of the oscillator in Sec. IIL.C.
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hy, = B,X, and h; = B,X. In this case, the expression of F(x,, x,; a)
in Eq. (12) is as follows:

xzaagln-i-%-i— A3E[Y2]ﬂ2 —!,\3E[y§]ﬂg
+(h0+%k3 [Y2]/32x2+ ME[ 1] gxz) %Q"
+{i'k1E[Y12]+i‘)\2E[Y§] 23 4 — AE[ ],Bzxz
+amelless ) (G2) + 52

10 ] (12 2220, 20

0x, 8x2 0x3
1 00,\?9*
L1 [( ) ( Qn) 0,
dx, 0x3

Q0 00,0°0,  9'Q
n 4 n n n Elv4
+3( ax%) + dx, 0x3 + ax3 ](Al [ 1]

F(x;,x5a) = —

ER ET AL.

It is seen from Figs. 3a-3d that the PDFs obtained with EPC
(n = 6) are still in good agreement with those obtained with MCS for
both displacement and velocity, whereas the PDF of displacement
obtained with EPC (n = 2) differs significantly from the simulated
one. The difference is insignificant among the PDFs of velocity
obtained with EPC (n = 2, 6) and MCS, but the result obtained with
EPC (n = 6) is still improved compared with that obtained with EPC
(n=2).

D. Nonlinear Oscillator with Nonlinear Stiffness, Nonlinear
Damping, and Parametric Excitation on Velocity

The nonlinear stochastic oscillator is expressed as follows:

X + 200X + &, X)) + 03 (X + &,X3) = W, (1) + B XW, (1)
(22)

in which the parameters are set with the following values: { = 0.05,
Wy = 1, &1 :01, &y = 10, ﬂl :01, )»IE[YIZ] = 10, AQE[Y%]:
0.1,A; = 1.0,and A, = 2.0. Y, and Y, are Gaussian with zero mean.
W,(t) and W, (t) are independent of each other. In Eq. @,
ho = 2Lwo(X + &, X°) + 03(X + &,X3), h; = 1.0, and h, = B,X.

In this case, the expression of F(xy, x,; a) in Eq. (12) is as follows:
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Fig. 4 Response PDFs of the oscillator in Sec. IIL.D.
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The results obtained with various methods are compared and
shown in Figs. 4a—4d. In this case, the PDF of displacement obtained
with EPC (n = 2) differs significantly from the simulated one, as
shown in Fig. 4a. Meanwhile, the PDF of displacement obtained with
EPC (n = 4) agrees well with the result obtained with MCS. This can
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also be observed in the tail regions of the PDF, as shown in Fig. 4b.
As for the PDF of velocity, little difference can be observed among
the results obtained with EPC (n = 2,4) and MCS, as shown in
Fig. 4c. In the tail regions, the result obtained with EPC (n = 4)is still
improved compared with the result obtained with EPC (n = 2), as
shown in Fig. 4d, though the PDF of velocity is close to the Gaussian
PDF.

E. Van der Pol Oscillator with Slight Nonlinearity in Damping and
Parametric Excitation on Velocity

The following van der Pol oscillator with parametric excitation on
velocity is investigated:

X 4 20woX + &, X2X + 03X = W, (1) + B X W, (1) (24)

in which the parameters are set with the following values: { = 0.05,
wy=2, & =0.1, B, =0.1, L, E[Y}]=1.0, L,E[Y3]=0.1, and
A1 = A, =1.0.Y; and Y, are Gaussian with zero mean. W, (f) and
W,(¢t) are independent of each other. In Eq. (1), hy = 2w X+
£, XX 4+ @2X, hy = 1.0, and h, = B, X. The slight nonlinearity in
damping with &, = 0.1 is considered to examine the effectiveness of
the solution procedure. In this case, the expression of F(x;, x,; a) is
same as Eq. (23).
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Fig. 5 Response PDFs of the oscillator in Sec. IILE.
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Fig. 6 Response PDFs of the oscillator in Sec. IILF.

The PDFs of displacement and velocity obtained with various
methods are shown in Figs. 5a-5d. From Figs. 5a and 5b, we observe
that the PDF of displacement is close to the Gaussian PDF though itis
not Gaussian, whereas the EPC (n = 6) provides an improved result
compared with the result from EPC (n = 2). We also observe that the
PDF of velocity deviates significantly from being Gaussian in this
case, but the PDF of velocity obtained with EPC (n = 6) still agrees
well with that from MCS even in the tails of the PDF, as shown in
Fig. 5d.

F. Van der Pol Oscillator with High Nonlinearity in Damping and
Parametric Excitation on Velocity

In this example, the van der Pol oscillator in Sec. IILE is used
except that &; = 0.5 so that a high nonlinearity in damping can be
considered. Comparing Figs. 5a—5d with Figs. 6a—6d, we observe
that the PDF of displacement in the case of a high nonlinearity in
damping is more Gaussian than that in the case of a slight
nonlinearity in damping, whereas the PDF of velocity in the case of a
high nonlinearity in damping deviates more from being Gaussian
than that in the case of a slight nonlinearity in damping. In this case,
EPC (n =6) still provides improved results for the PDFs of
displacement and velocity compared with EPC (n = 2).

IV. Conclusions

From this discussion, it can be concluded that the EPC method is
applicable for the PDF analysis of nonlinear oscillators subjected to

both external and parametric Poisson white noise excitations. With
the polynomial degree n being either 4 or 6, the obtained PDFs of the
response are very close to those obtained with MCS even in the tails
of the PDFs, which is of significance in reliability analyses. The EPC
method is effective for the oscillators with either a slight or high
nonlinearity in stiffness and damping. Meanwhile, it is also observed
that the tails of the PDFs obtained with the EQL method or the
Gaussian closure method deviate significantly from the simulated
results even for slightly nonlinear oscillators. Hence, both the EQL
method and the Gaussian closure method are inadequate for the PDF
solutions of nonlinear oscillators under parametric Poisson impulse
excitations, especially with regard to the tails of the PDF of the
response. In this case, the EPC method with the polynomial degree
being either 4 or 6 can provide a potential tool for the PDF solutions
of nonlinear oscillators.
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